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Matrix composite materials consisting of a uniform component (the matrix), in which a large number of particles of filler
(inclusions) are uniformly distributed, are considered. It is assumed that the components of these materials are ideally elastic
and possess piezoelectric properties. One version of the self-consistent method (the effective-field method) is used to determine
the effective electric and clastic characteristics of these materials, taking related electroelastic effects into account. As the first
stage of the method, the problem of coupled electroelasticity for a homogeneous medium containing an isolated inhomogeneity
is solved. The solution of this problem is found in analytic form for an ellipsoidal inclusion and a constant external field. The
solution obtained is then used in a self-consistent scheme to construct an effective electroelastic operator of the composite,
containing a random set of ellipsoidal inclusions. Explicit expressions are obtained for the electroelastic characteristics of
composites, reinforced with spherical inclusions and continuous cylindrical fibres. © 1996 Elsevier Science Ltd. All rights reserved.

A systematic investigation of the electroelastic properties of different kinds of piezoactive composites
using the conditional-averaging method can be found in a number of papers published by scientists of
the Kiev School (see [1], where reference to original papers are given). The approach proposed in the
present paper enables the detailed microstructure and interaction between the inclusions to be taken
into account more completely.

1. Consider a uniform elastic piezoelectric material under isothermal conditions. The linear governing
relations for such a material, which can be obtained by analysing the thermodynamic potentials (see,
for example, [1-4]), have the form

]
O = CiuEy — ek, n D; = ¢jyeyy + By E, (L1)

Here o and ¢ are the stress and strain tensors, E and D are the electric-field and induction vectors,
respectively, C = C¥ is the elastic-moduli tensor for a fixed E vector, p = B¢ is the permittivity tensor,
e is the piezoelectric-constant tensor, which characterizes the related electroelastic effects, and the
superscript ¢ denotes the transposition operation.

Relations (1.1) can be conveniently written in the following short form
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where the “matrix” L must be regarded as a linear operator which converts the tensor-vector pair (o,
D] into the analogous pair [¢, D] and which has symmetry of the electroelastic constants.
The relations inverse to (1.1), can be written in the form
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Since the basis of the effective-field method is the solution of the single-particle problem, we will
first consider an unbounded piezoactive medium with electroelastic characteristics LO, containing a closed
region V' with a different electroelastic properties L. We will start from the following combined system
of equations of the theory of elasticity and electrical conductivity for a medium with an inhomogeneity

u;(x)
—¢(x)
L(x)=L0+L'Y(x), Li(x)=L'V(x), L'=L-LY V,=d/dx;

VLVF(x)=0, f(x)= " (1.4)

where u,(x) are the components of the displacement vector, ¢(x) is the electric potential at an arbitrary
point x and V{(x) is the characteristic function of the region V. For our further consideration it will
be more convenient to reduce the problem of determining the fields u;(x) and ¢(x) to a system of
integral equations, equivalent to the initial system of differential equations (1.4). This system has the
form

F(x)=F°(x)+ [ P(x-x)L'F(x)dx’, xeV
1%

1.5
def 0 (15)

P(x)=DG(x)D, D=
) (x) 0 grad

Here FO(x) are the external elastic and electric fields which would arise in the main medium if there
was no inhomogeneity and for specified conditions at infinity and G(x) is Green’s function of the
combined system of equations of the theory of elasticity and electrical conductivity. For arbitrary
anisotropy of the main medium this function is given by the expressions

1 G;(&) Ti(&)
G(x)=— [ GE)(EX)ES, G(E)= Y !

7 e (1.6)

1 -! | e
G,:i=(A,;,—xH,hj), y,:xh,c,‘,, g=~(A+hA;H)!

Ti=AjHig A& =Cpbl HiE)=enb&
hi(€)=epbi& ME=B,E8;

When x € V the system of equations (1.5) defines the fields e(x) and E(x) inside the inclusion, from
which the field outside ¥ can be established uniquely.

We will now assume that the mclusmn has the form of an ellipsoid with semiaxes a,, @, and a;, which
are specified by the relation x;(a” ), i < 1, aj = a;§; (there is no summation over i!). It can be
shown that the integral operator w1th kemel P(x) for an ellipsoidal region possesses the property
of “polynomlal conservatism” [5]. In particular, suppose the external fields are uniform in the region
V (F® = const), and that this region itself is a sphere of radius a. If F = const, the problem reduces
to evaluating the integral

1 2

JPx—xDdx'=—5 | P(F;)ng-a——j 8(p-Ex"ydx’ n
v 8= 1El=1 a[) v

p=8-x, PE®=8GE)]

The integral over the region V' is equal to the area of the circle which is formed by the section of a
sphere by the plane £ - x = p,i.e. ® Ya®-p?), if | p| < a and zero if p > a. When x € V the second
derivative of this integral is equal to —2r and the right-hand side in (1.7) is constant.

A similar result is also obtamed for an ellipsoid which is converted into the unit sphere using the
coordinate transformation f; = aj; x, In this case

j P(x - x")dx’ = ~P = const (1.8)
v
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Thus, for an external field F(x), uniform in the region V;, the integral equation (1.5) is converted
into the algebraic equation

F=Fo_PLIF (1.9)

Solving this equation for F, we can express the strain field € and the electric field strength E in
terms of the external field £° and

F=AF% A=(+PL!! (1.10)
Ly O
I= (; Sy I’ Ly =6i(k8l)j

2. We will now consider an unbounded elastic piezoelectric medium containing a random set of
ellipsoidal inclusions, uniformly distributed in space, which occupy a system of isolated regions V}, with
characteristic functions Vj(x), k = 1, 2, .. .. The system of equations for determining the strain fields
€(x) and the electric field strength E(x) in a medium with inhomogeneities has the following form, similar
to (1.5)

F(x) = FO(x) + [P(x — X)LIX)V()F (1 )dx’ (2.1)

Here V(x) is the characteristic function of the region V = Z;V;, occupied by the inclusions, and L'(x)
is a function which is identical with the constant quantity L(wy) whenx € V (y is the set of geometrical
parameters characterizing the orientation of the principal anisotropy axes of the kth inclusion).

To solve the problem of homogenization and to construct a macroscopic system of equations of the
theory of coupled elasticity and electrical conductivity using the system of equations (2.1), we will employ
the self-consistent scheme [6-8], the basic principle of which is as follows. We fix one of the typical
samples of a random: set of inclusions and we consider an arbltrary kth inclusion occupying a volume
V}. For this inclusion we introduce a local external field F (x). This field is defined in Vk and is made
up of the external field F°(x) and the perturbation fields 1) all the remaining inclusions.

We now introduce the field F*(x), which is identical with F, (k)(x) when x € V}, and the function V(x;
X), defined as follows:

Vix;x)=3Y Vi(x), xeV, 2.2)

itk
This enables us to write, for an arbitrary point x in the region V'
F*(x) = FO(x) + [P(x - X)L (W (; X))’ (2.3)

We will assume that the field F*(x) has the same structure in any of the regions occupied by the
inclusions (hypothesis H; of the effective-field method). In particular, if we assume that this field is
constant in each of the regions ¥}, but may be different for different inclusions), the field F(x) (x € V)
is related to the local external field F*(x) by the relation obtained above when solving the single~particle
problem for an ellipsoidal inhomogeneity

F(x) = A)F*(x) 2.4)
Here A(x) is a function which, when x € V, is identical with the constant operator A(w;) defined by
(1.10).

Substituting (2.4) into the right-hand sides of Eqs (2.1) and (2.3) we can express the electroelastic
fields at an arbitrary point of the medium in terms of the local external field

F(x) = F*(x) + JP(x = X)L QAW F (VY (2.5)
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and also obtain a self-consistent equation for determining this field
F'(x) = FO(x) + [P(x — X)L'XDAQ)F OV 2)dy’ (2.6)

If the set of inclusions is random, F(x) and F*(x) are random functions. Averaging both sides of Eq.
(2.5) over the ensemble of realizations of the random set of inclusions we can write

(F()) = FOx) + [P(x = X XLIGDAW)F (W) )dx’ 2.7

We have denoted the ensemble mean by the symbol {- | x’) provided that the point x’ is in the region
V occupied by the inclusions.

We will now assume that the value of the random function F*(x) at points of the region V/ is statistically
independent of the properties of the inclusion and of the geometrical characteristics of this region
(hypothesis H, of the effective-field method). This enables us to represent the mean in the integrand
in (2.7) in the form of the following product

(LWA®F V) = (LIA@VOXF () (2.8)

For a spatially homogeneous set of inclusions L'(x) and A(x) are homogeneous random functions
possessing ergodic properties. Using this property we obtain

(L'0)A@VW))Y = ng(uLA), LA=L'A 29

Here ny is the number density of the inclusions and v is the volume of a typical inclusion, while
averaging on the right-hand side of (2.9) is assumed over the random dimensions and orientations of
the ellipsoidal inhomogeneities.

The quantity (F*(x) | x) is the ensemble average provided that the point x is in region V. This average
will henceforth be called the effective field.

Taking (2.8) and (2.9) into account, Eq. (2.7) can be written in the form

(Fx)) = FOx) + ngJP(x — x" LAY (x")dx’ (2.10)

Hence it follows that the mean field (F(x)) at an arbitrary point x of the composite material can be
expressed in terms of the effective field F'(x). Equation (2.6) is the starting equation for determining
it. Averaging both sides of this equation with the condition x € V, we can write

F'(x) = FO(x) + JP(x — XYL () AW)F (W 2 )dy’ (2.11)
Hypothesis H, enables us to represent the mean in the integrand in this expression as follows:
(L'OHAW)F (X)WV(x, 20X = (LI ODARV XWX N x) (2.12)
The symbol (- |x’; x) denotes the operation of averaging with the condition x, x’ € V. In general, the
mean (- |¥’; x) differs from (- |x

Assuming that the properties of the inclusions are statistically independent of their position in space,
the first factor on the right-hand side of (2.12) can be represented in the form

(L'OOA)V(x; Xy = ng{uLAW(x, 1) (2.13)
W(x, x) = (V(x; )y (V(x))

For a spatially homogeneous set of inclusions the function ¥(x, x") depends only on the difference
of the arguments ¥(x, x’) = W¥(x —x’). This function represents the distribution density of the inhomo-
geneities surrounding a typical inclusion, the centre of which is situated at the origin of coordinates.
Sometimes we say that this function determines the form of the “correlation well”, in which a typical
inclusion in the composite is situated.

Equation (2.11) takes the form

F'(x) = FO(x) + nOIP(x — XYWL (x — XWF O 2)dx’ (2.14)
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As already noted, the conditional average in the integrand in this expression differs from F'(x). We
can obtain an expression for this mean once again using Eq. (2.6), averaging both sides with the condition
x, ¥ € V. But then its right-hand side turns out to depend on a more complex conditional average.
Repetition of this procedure leads to an infinite chain of related statistical equations in the conditional
means of increasingly complex structure. Hence, the problem of closure arises, as it usually does in
problems of this kind, which can only be solved approximately. In particular, we can close this chain
at the first step by using the so-called “quasicrystalline approximation”, proposed by Lax [9], by virtue
of which the means (- |x’; x} and {- |x) are identical. As a result we obtain

F'(x) = FO(x) + nofP(x — X’ uLAY (x — Y)F'(x")dx’ (2.15)

Eliminating the external field F(x) from (2.10) and (2.15), we arrive at an equation which relates
the effective field F'(x) to the mean field (F(x)) in the composite

F(x) = (F(x)) — nofP(x — x)Yb(x — X' XULAYF (x")dx’ (2.16)
d(x)=1-Y(x)

If the set of inclusions possesses a certain symmetry (in the statistical sense), this affects the symmetry
of the function ®(x). In particular, if the set of inclusions is isotropic, this function will be spherically
symmetrical, i.e. @(x) = ®(]x |).

Disturbance of the isotropy of the random set of inclusions may lead to the occurrence of a texture.
We mean by texture here the difference in the symmetry of the tensors of the electroelastic characteristics
of an inhomogeneous medium. In many important practical cases the symmetry of the texture can be
described using a bivalent tensor by, which defines the linear transformation of the space by which the
function ®(x) is converted into a spherically symmetric function

O(b - x) = Bl (2.17)

Here the ellipsoid specified by the equation (b - x)? = 1 will characterize the form of the correlation
well. In general, of course, one cannot choose such a transformation.

For a random set of inclusions ®(x) is a smooth function which rapidly approaches zero outside a
region with dimensions of the order of the correlation well. If we neglect the change in the field (F*(x) | x)
in this region, Eq. (2.16) is converted into an algebraic equation

F'(x) = (F(0)) - ngJIQWLAF (x), 11 = [P()d(x)dx (2.18)

Solving this equation for F'(x) and substituting the result into the right-hand side of (2.10), we obtain

(F(x)) = FO(x) + nglP(x — x'Y(ULAYDYF(x))dx’ (2.19)
DO = (I + nglI(VLAY!
Acting on both sides of this equation with the operator VL? and taking into account the relation
VL) =0, VLOVG(r) = -I8(x)
we obtain that the mean elastic and electric fields in the composite material satisfy the equation
VLYF()) =0, L’ = L0+ ny(uLAYDY (2.20)
which is identical in fonh with the equation of equilibrium of the theory of coupled electroelasticity
for a certain homogeneous medium, the reaction of which to an external force is identical on average
(macroscopically) with the reaction of a microinhomogeneous material. The quantity L* in (2.20) is
the operator of effective electroelastic characteristics of the piezoactive composite material.
3. We will consider some special cases.

The matrix in the composite material is isotropic but the inclusions are spheres of the same radius.
In this case the operator P in (1.8) takes the form
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P, 0
P= ikl 3.1
0 Dir 3-1)
P, = l El 1 EZ | . 2 1 1
ijkl —% ijk! +'2-u: it Eu —51/5k1v Ejy = Ly _gEijkl
1 4 Spg (kg +41y)
i =3, i FPTR 3Ho Kp 6(ky + 211g)

where kj and 1, are the bulk and shear moduli of the matrix.
We will assume that the electroelastic properties of the spherical inclusions are characterized by the
cubic system of classes 43m and 23. In this case the tensors C, e and p can be represented in the form

C=kE' +2pE? +2(m - p)E?

3
3 _ % I
Ey, = ZI O, 0, 0, 0, — ;Ef,'u
r= J

By=PB3, e=eU (32)
Ui = 0410503 + 0Lin 0L ;30 5 030 O p + 00300 + OO 30y + 030590

where o, is the conversion matrix from the crystal system of coordinates to the laboratory system of
coordinates.

We will assume that the inclusions in the composite are distributed uniformly and isotropically in
the matrix. Then, the correlation well has the form of a sphere and the operator IT in (2.18) is identical
with the operator P defined by (3.1).

We will now consider two limiting cases.

1. Suppose the orientation of the principal axes of anisotropy of the inclusions is chaotic. Then, the
composite as a whole is isotropic (there are no combined electroelastic effects in it} and is characterized
by two effective elastic moduli k* and p*, and also by a permittivity p*. These quantities can be
represented in the form

_1 -1
* 1 124 * 5 14
K=k +p| —— 1, =, +p—— (3.3)
ot P [k,, k,,] Ho=Ho ')(2nu+3u,1 uPJ
| -1
B =B +p[——-—p—J
° T Ba 3o
where
e Y W -1 o Y
ky=k|1+=L 1, =u'[l+ ] , My =am (l+——ll-]
A l[ kp] Ha T, A I iy (34)
-] 9 2
B,j 14 e- ’ e
=f11+—| . W=, +——, Pp'=pB,+
Pa B( 3B I Bi+3B, ST

P = ngv is the volume density of the inclusions and k4, Ji; . . . here and henceforth denotes the difference
between the corresponding characteristics of the inclusions and the matrix.

If the material of the inclusions is isotropic (i.e. ¢ = 0, m = p), formulae (3.3) reduce to the well-
known expressions for the electroelastic constants of a composite containing a random set of isotropic
spherical inclusions [6-8].

2. We will assume that the principal anisotropy axes of the inclusions are similarly oriented. In this
case the composite as a whole possesses cubic symmetry of the same class as the inclusion. Its electro-
elastic properties are then characterized by the following effective elastic moduli
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~1 _1

* 1 1-p . 1 1-p

k =ky+ p| —+ . =Uy+pl—+
ot 2] e Lo 2]

3ﬁ0+(l_p)Bl +l—p}—l (3.5)

W =Ho+p
0 [3[50!11 +(1-p)uPB +e®)  pp

its permittivity is

-1
SR (s —— (39)
LRilp +U=p)P iRy +e7) 3Py |

and its piezoelastic constant is
e" = 3pBolpe[(p + (1 - pIUB3Py + (1 = pIBy) + (1 = p)2e?] (3.7

Note that taking the limit as p — 1 formally in these formulae leads to physically non-contradictory
results: L* = L, although the effective-field hypotheses lose their meaning here.

A composite whose matrix is transversely isotropic. The tensors c* eand B for such a medium can
be represented in the form

C% =k, T? +sz(T‘ -%T2)+ Io(T* + T*) +4p T + 0, T
e=elU' +eJU? + U, B=p0%" +pit? (38)

Here kg, my, Iy, 1y, ng are five independent elastic moduli of the transversely isotropic n}cedium, e?,
e, e3 are three piezoelastic constants and BY, BY are two permittivities. The quantities T, U, t' are the
elements of the tensor bases, given by the expressions

| 2 _ 3 _
T =0;48pjs Ty =084 Ty = 06,mmy

4 _ 5 ) 6 _
T;,k, = mimjek,, 7;:,-k, = 6,»)(“;1,)"1(,. T,-,-k, = ni g m,

b 2 _o, 3 _
Ui =05y, Uy =2m8,.. Usy = mym ny,

1 _ 2 _ _ v
tp=mm;. 1 =8, 0, =38, -mm;

where m; is the unit vector of the axis of symmetry of the material.

Suppose the inclusions in the composite have the form of continuous cylinders of the same radius
similarly oriented parallel to the axis of symmetry of the properties of the matrix (a medium reinforced
by unidirectional continuous fibres). To determine the operator P in this case we will use the general
expression (1.8) and assume that the inclusion is a prolate spheroid (a; = a, = a, a5 > a). We will change
in (1.8) to a spherical system of coordinates ¢, 6 with polar axis directed along the axis of the spheroid.
We make the change cos® = . We can then write

1 2r 1
== [ d¢ | P(¢.n)y(r.8)dt (3.9)
ny 5

w(z,&):%ﬁz[az +(1=-8N 7%, s=4

()

If we take the limit as § — 0 this corresponds to an inclusion in the form of an infinite circular cylinder
(a fibre) of radius a. Taking this limit in (3.9) we obtain
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2r
=L [ P(.0u0 (3.10)

To calculate the tensors occurring in this operator in explicit form we need to put&; = 0 in the tensors
of P(E) in (1.8) (the vector & is then in the plane perpendicular to the fibre axis), substitute the expression
obtained into (3.10) and evaluate the integrals.

For a transversely isotropic medium the components of the matrix G(§) in (1.6) when & = (&, &;, 0),
have the form

k 1 1
G;(8)=——2>—EE. +—0; +——nym;
i (5 mo(ko+mo)§§’ nyg Ho (3.11)
L=v=mm, g=—g 1=
! ! " 8= ﬁ'? ' poﬂ() +((w)~
0.2
Ko P()'*’(e) , By= Bo (h)
B3 Hy

Substituting (3.11) into (3.10) and integrating over the unit circle, we obtain

P r
(3.12)
2 s I 22
P=AT +P7( -—T) +—T', r=—yU
21 4
p___l_. 2 l)l = 1 . P = ko +2m0
232 4(ko + "lo) - 4mO(ko + ’no)

If we assume that the correlation well also has the form of a cylinder, parallel to the fibres, the general
formula (2.20) will take the form

L'=L9%+pLY{l + (1 - p)PL!]™! (3.13)

Suppose the fibre is also transversely isotropic with the axis of symmetry of the properties coinciding
with their geometrical axis. The tensors of the electroelastic characteristics for these are defined by the
same formulae (3.8), in which we must omit the zero subscript on the physical constants. As follows
from (3.13), the composite as a whole will also be transversely isotropic and will be characterized by
the following five effective elastic moduli

* e * ko +2mg)
k ko + pkid(p), m =my+ 1+ (1 m, (kg 0
0 1d(p) 0 pm,[ ( p)2 e O

[ o.a —p)f]

I"=lp+phd(p), p" =po+—L—n, +
o+ phdip), U =l A(p)Lun

283
_ 2
nt=no+p nl_(l P)lld(p) i d(p)= ko+ﬂ10
ko +my ko +mg +(l—p)kl

A(p)=[1+(1- p)bY1+(1- p)Bl-(1 - p)*Qq, f=puB5+(e})

1 Bz K
b=—|22 ,
2[ m] p-g(Ben
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three piezoelastic constants

= epedip). i=ef+z2le v ta-p]
a- p)lle,'d(p)]

«_ 0 I
é3=e3+pley—
k0+m0

and two permittivities

B =0 + p[ﬁi , (- pXel )24(,;)}

ko +my
s g0 _P [|+(1—P)f]
B =8+ 52 o+ O

It can be seen from these formulae that taking into account the coupling of the elastic and

electric fields affects only the values of the effective elastic modulus p*, the piezoelastic constants e}
(i = 1, 2, 3) and the permittivities B% (k = 1, 2). As regards the elastic moduli of the composite k*, m*,

I*,

n*, they are defined by the same formulae [8] as in the case of purely elastic deformation.
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